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Abstract. For a prime I, let <&; be the classical modular polynomial, and 
let h{^i) denote its logarithmic height. By specializing a theorem of Cohen, 
we prove that < Gllogl + 161 + 14\/Zlog(. As a corollary, we find that 

h{^l) < eilogi+lSi also holds. A table of values is provided for / < 3607. 



1. Introduction 

Let j : H — > C be the elliptic modular function. For a positive integer m, the 
classical modular polynomial $,„ is the minimal polynomial of the function j{mz) 
over the field C(j). As a polynomial in two variables, we have ^rnijimz), j{z)) = 0. 
The polynomial y) is symmetric, with integer coefficients, and has degree 

i/;(m) — "^^p|m(l both variables [HI Ch. 5]. 

For a nonzero polynomial P with complex coefhcients, let h{P) = log max|c|, 
where c ranges over the coefRcients of P. Cohen proves in [9] that the bound 

= 6^(m)(logm - 2K(m) + 0(1)) 

holds, with K{m) = J2p\mP~^ logP = O(loglogTO). For m — I prime, this yields 

= 6l\ogl + 0{l). 

The purpose of this paper is to prove an explicit upper bound on the 0(1) term. 

Theorem 1. For every prime I we haveh{^i) < Gllogl + 161 + uVlhgl. 

Such an explicit bound is needed to obtain rigorous results from algorithms that 
compute $i, including [SI [71 [TUl E]- To prove Theorem 1, we retrace the proof 
of Cohen, specializing to the case that m = / is prime and seeking only an upper 
bound. These restrictions simplify our presentation, but the core of the argument 
remains the same. Our main contribution is to make the bound fully explicit. 

We also add two refinements to the proof. Lemma 5 and Lemma 8, that sharpen 
the constants we obtain in Theorem 1. These improvements have a significant 
impact in the range of / practical for computation. 

2. Bounding the height 

We recall that the modular polynomial may be written as 

i-i 

(1) W,j{z)) ^{X- j{lz)) j{{z + b)/l)), 

b=0 

see [ISl Ch. 5.2]. To simplify our notation, for any y € C, let ^i^y{X) denote the 
univariate polynomial ^i{X,y), and let us define ||y|| = log max(l, \y\). 
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Lemma 2. Let I be prime and let z G H. For y = i{z) we have 



K-^Uy) < \\j{lz)\\+Y,\\j{{z + b)/l)\\ + {\og2)l. 

6=0 

Proof. Each coefficient c of a monic polynomiai with, roots wi , . . . , tj„ e C satisfies 
|c| < 2"~^ J|max(l, \uJk\)- Appiying this to ^ yieids the iemma. □ 

To bound h{^i), it suffices to bound h{^i^y) for real y in an interval [L,2L]. 
Lemma 3. Assume /i($;,y) < B for y e [1728,3456]. Then 

< B + 2.083(; + l). 

Proof. This follows immediately from Lemma [2D] of the appendix. □ 

As explained in p. 397], the real value j{it) increases monotonically with 
the real parameter t > 1. We have = 1728, and for each y in the interval 
[1728, 3456] there is a unique t for which y = j{it). We find that j(1.254i) > 3456, 
hence for y £ [1728, 3456] we have t < 1.254. Our main task is to bound the sum 

i-i 

(2) = + 

6=0 

as a function of I, for any fixed t e [1, 1.254). To do so, we use the following lemma. 
Lemma 4. Let z e H and let x — Imz. We have the bound 

||i(^)|| < Stto: + c{x), 
where c{x) = iog(^g2-^yni,x(x,i/x) ^^738 - e^"") - 2ttx < 9.429 for all x > 1/2. 
Proof. From [5l Lemma 1] we have 

\j{z)\ < j{ix) < e27rmax(^,l/^)_,_1728_e2'^. 

The lemma follows immediately upon taking logarithms. □ 

To profitably apply Lemma S] to we first shift the argument of j{{it + b)/l) 
using the invariance of j{z) under z H' z + 1. Fixing the integer N = [^/T/t], let 
In be the unit interval [1/(A^ + 1), {N + 2)/{N + 1)]. We may rewrite © as 

(3) Sil,t)^ \\j{{^t + b)/l)l 

b/ieiN 

where b now ranges over the I integers in the interval [1/{N + 1), 1{N + 2)/{N + 1)). 
Using the Farey series of order N, we may partition 1^ into subintervals as 

N k 

(4) - U U lN{hlk), 

k=l h=l 
(/i,fc) = l 

where lN{h/k) — [pi,p2) contains h/k. The endpoints pi and p2 both satisfy 

(5) l/{2kN) < |p, - h/k\ < l/{k{N + 1)), 
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see [13l Ch. 3] and j9i Lemma 3]. There are Kn = X^fcLi 4>{^^) subintervals in (jlj, 
and each contains at least one b/l £ In- The bound Kjy — 3-/V^/7r^ + 0(iVlog A^) 
is well known [3l Thm. 3.7], and for > 2 we have the explicit bound 

N 

Xat = V 0(fc) < —N^ + -Nlog N, 

^ — ' TT^ 2 

fc=l 

proven in Lemma [T71 of the appendix (see [17) for an asymptotically tighter bound). 

We now assume / > 5, so that N > 2. The bound we eventually prove will 
also hold when / < 5. For each I^ih/k) in (jH), let us pick integers r and s with 
rk — sh = I. We may then apply the uniniodular transformation 



A = 



s — r 
k -h 



2 

to z — {it + b)/l in each term of ([3|). Using ImAz = Imz/ A;z — /i , we obtain 
ImA. = 



k^b/l-h/k\^ + k^{t/l)^' 



Now let a = ky/TJi \b/l - h/k\ < 1 and /3 = k^/tfl < 1, so that 

ImAz = — > -. 

a^+l3^ - 2 

Note that each b/l G In is contained in a particular lN{h/k) that determines a 
and /3. We may now bound S{l,t) by 

N k 

(6) S{l,t)<J2Yl E {9h/k{b/l)+eH/k{b/l)). 

k=l h=l b/lelN{h/k) 
{k,h) — l 

The notation in the right-hand side of ([6]) is as follows. For each lN{h/k) we pick a 
unimodular matrix A as above, and with z — {it + b)/l we put gt/kib/l) ~ 27rlm Az 
and Eh/kib/l) = c(ImA2:), where c{x) is the function defined in Lemma|4l 

As the following lemma shows, the naive bound Sh/k{b/l) < c(l/2) < 9.429 that 
we get from Lemma |4] can be significantly improved, on average. 

Lemma 5. With the notation as above, let e{l,t) — ^^Sh/kib/l). For all I > 5 
and t Cz [1, 1.254) we have 

e{l,t) < (3.066 + l-t)/ + 2.485VI log/ + 36.963. 

Proof. Among the points of the form b/l in the interval lN{h/k), we call the smallest 
and largest exterior points. The others are called interior points. For each interior 
point b/l € lN{h/k) we have 



\b/l-h/k\ < l/{k{N + 1)) -l/l < l/{k^l/t)-l/l = t/{l3l)-l/l, 

yielding a = {Pl/t)\b/l - h/k\ < 1 - /3/t. 

We now divide the exterior points into two categories. We call an exterior point 
good if it is at least a distance 1/(2/) from both endpoints of the interval in which 
it lies. An exterior point is bad otherwise. By a calculation similar to that above, 
we find that a < 1 — /3/ (2t) holds for each good exterior point. 

There are 2Kn half intervals of the form [po, h/k) or [/i/fc, pi), and each contains 
at most one exterior point. Adjacent half intervals that do not lie in the same 
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lN{h/k) cannot both contain a bad exterior point. Hence, there are at most Kn + 1 
bad exterior points. For the purposes of computing an upper bound, we assume 
that there are exactly this many, and that every interval has two exterior points, 
implying that there are exactly Kjq — 1 good exterior points. 

In the worst case, the bad exterior points lie in the intervals I^ih/k) with the 
largest values of /3. If we order the intervals according to /3 « k/N and divide 
them into quartiles, this roughly means that each interval in the top two quartiles 
contains two bad exterior points, while each interval in the bottom two quartiles 
contains two good exterior points. By Corollary of the appendix, up to an 
absolute error of 2, at least 1/4 of the intervals have f3 < Ci ~ 0.539, at least 1/2 
have /3 < C2 = 0.742, and at least 3/4 have /3 < C3 = 0.917. 

Let f{a,(3) = c(1/(q!^ + /3^)), with c{x) as in Lemma IH We use ci = /(1,1) 
and C2 — /(I, C3) to estimate Sh/kib/l) for the bad exterior points in the upper two 
quartiles, and we use C3 = /(I — C2/(2<),C2) and C4 = /(I — Ci/(2t),Ci) for the 
good exterior points in the lower two quartiles. 

For the interior points, we note that for /3 > C3 > 2t/3, the interval lN{h/k) has 
width less than 3/1 and can contain at most one interior point. Similarly, if we have 
/3 > C2 > t/2, then there can be at most two interior points. We may therefore use 
C5 — /(I — 1) to estimate Sh/k{b/l) for the interior points in the top quartile (at 
most one per interval), cg = /(I — Cs/t, C3) for the interior points in the second 
quartile (at most two per interval), and cy = /(I — C2/t, C2) for the remaining 
interior points. Applying Lemma 1171 we use M = 3V(27r2i) + IV^log('A) to 
bound Kn/2. Putting everything together, we obtain the function 

e'{l,t) = ci{M + 4) + C2M + C3M + Ci{M ^ A) 

+ 0.5c5(Af + 2) + cgM + C7(/ - 5.5M - 2) 
= (ci + C2 + C3 + C4 + 0.5c5 + cg — 5.5c7)M + 4(ci — C4) + (C5 — 2C7) + cyZ, 

as an upper bound on e{l, t). For any fixed / > 5 we find that for t £ [1, 1.254) the 
function e'{l,t) is maximized when i = 1, and in fact the bound 

e{l,t) < e'{l,t) < e'(/,l) + {1 - t)l 

holds for all / > 5 and t G [1, 1.254). Computing e'{l, 1) then yields the lemma. □ 

Our remaining task is to bound the terms gh/k{b/l) appearing in ([5]). Setting 
6 = Ih/k, we have 

9h/kib/l) = 2Trk-^tl-^/{t^l-^ + {b/l - h/kf ) 2Trltk^^{t^ + (b - 9fy\ 
which we view as a function of G Z. We now apply the identity 

4-00 +CXD 

(7) + - ^)')"' = '^^^^ E e-2-IHte2--e (t > 0), 

C — — 00 u=oo 

as in [21 Lemma 6], to obtain 

-\-OD +00 

(8) E gn/kib/l) < E 9H/k{c/l) - 2nHk-' ^ ^-2.|.|*,2..wv^, 

b/lelN(h/k) c=-oo v=-<x> 

and we use the following lemma to bound the right-hand side. 
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Lemma 6. Let I be prime, let t G R>i, and for v £ Z, define = 2Tr^le '^'"M*- . 
Assume N — [yJT/t] > 2. Then we have 

N k +00 

^ ^ ^ fc-^a^e^"""'/'^ < 6/log/+(13.889~61ogt)?+3.290%/Ilog/+6.580VI. 

h=l u=-oo 
{k,h) = l 

Proof. Noting absolute convergence, we reorder the sums, obtaining 

N k +00 +00 N k 

(9) E E E fc^'a.e^--'"/^ ^ E «-E'^^' E e^^-'Vfe. 

fe=l h=l ^=-00 i/=-oo k=l h=l 

(k,h) = l (k,h) = l 

With n = vl the inner sum becomes 

fc 

h=l 
(h,k) = l 

For n > this is a Ramanujan sum, and we may apply the identity 

^ _ M(fc/(fc,n))0(fc) 

due to Holder [H] (or see [3 Thm. 2]). We then have |cfc(n)| < (A:,n) for all n > 0, 
and for n < we note that Ck{~n) — Cfe(n) = Cfc(n). For 7^ we therefore have 

00 00 

Y^k-\u{vl) <Y.k-\k,v) <J2dJ2ind)-' = C(2)E^"' = C(2)^(|H)/IH. 

fc=l fe=l ci|i/ n=l dli/ 

where C(2) = X^i^i '^"^ = 7r^/6. Since Cfe(O) — <f){k), we may bound ^ by 

AT 2 °° 

(10) ao 5] (/)(fc)/fc2 + y E «-^(^)/'^- 

k=l v=l 

To treat the infinite sum in (1101) we evaluate the first two terms and bound the tail 



with an integral, using <j{v) — d < . This yields 

00 00 
(11) ^a^(j{v)/v < 27r2/e-2^* + 37r2?e"'^'^* + 27r2/^e-2'^'^V < 0.037 • Z, 

u—1 t*— 3 

where we have used 

e-2.^V < r e-'-^xdx = < 1.2 x 10"^, 



1^=3 



valid for t > 1 . We now apply Lemma [TB] of the appendix, whose error term is an 
increasing function of x = A^, to the first sum in (jlOp . Using N = [\/T/t] < Vl we 
obtain 

k<yl 

< eilogl + (13.767 -6 log t)? + 3.290^1 log/ + 6.580%/!. 
Applying ((12]) and ([11]) to ([TO]) yields the lemma. □ 
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Remark 7. Extending the sum in to all integers allowed us to conveniently 
bound the triple sum in via Lemma\^ This yields the correct leading term of 
Qllogl in Theorem 1, however the 0{l) term is overestimated significantly. Lemma\^ 
proves a lower hound on the tail of the middle sum in ^ which is then subtracted 
from the bound in Lemma\^to sharpen the 0{l) term. 

Lemma 8. Let the notation be as above. For I > 3600 we have 

gh/kib/l) <6llogl + (3.803 - 6 log t)Z + 17.693V/log? - 58.939V7. 

b/ieiN{h/k) 

Proof. Consider an interval lN{h/k) for which k > ^/li/2. By ([5|), the width of 
lM{h/k) is less than 2/1, hence it contains at most two points of the form b/l. It 
follows that at most two of the terms gh/k{c/l) in the middle sum of correspond 
to terms present in the left sum. We assume there are exactly two, and these must 
be of the form gh/k{b/l) and gh/k{{b+^)/l)- The sum is maximized when 9 = b+^, 
hence the overestimate introduced by the inequality in ([S]) is at least 

t . .. _2 - ■ 2i 



(13) 2T:lk-^ — = 27r/fc"^ ( vrtanhTrt 



where we have used the identity TrtanhTri = X]^-oo ^2_)_(^_i-)2 ■ 

For each k e {Vli/2, \/T/i], there are 0(fc) intervals lN{h/k) to which (fT3|) ap- 
plies. The total overestimate related to these intervals is at least 

2t \ ^ (t>{k) 

\/It/2<fc<Y^ 



(14) 2^l[7rtanh7rt- + ^ ^ 



To bound the sum in (jl4p . we apply Lemma [16] twice and take the difference: 

(15) E f^>|iog^ + .,(u). 

VTi/2<k<,/l/t 

The term ei{l,t) arises from the error term e((loga; + l)/(3x)) in Lemma fTHl We 
make the worst-case assumption that the upper error is maximally negative and 
the lower error is maximally positive, yielding 

(t + 2) fog ? + 2t + 4 - fog 16 + (2 - t) log t 

(16) e,(M) = . 

Combining (ITil) and (IT5|) we obtain the lower bound 

5i(/,t) = 27r/ ^TTtanhTTt ^ t'^ + (-)^ / Vtt^^"^* ^ 

We now apply the same argument to intervals lN{h/k) with ^/li/3 <k< Vli/2. 
For such intervals there are at most three terms in the middle sum of (jH]) that 
correspond to terms in the left sum, and the sum of these terms is maximized when 
the middle term has 9 = b. Using the identity tt cothTrt = X]^-oo t'^+n'^ ' ^® obtain 

52(1, t) = 2t:1 ^vrcoth^t- i - f^log^ + €2(1, t) 
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To compute €2(1, t), we now take the difference of the maximal positive errors arising 
from LemmafT6| consistent with our worst-case assumption in ()16|) above, obtaining 

log?^-2(31og3-21og2) + 2 

'^^^''^ - • 

Continuing in this fashion, we consider I^ih/k) with \/li/d < k < \/E/{d + 1) 
for an integer d > 2. Let us define 

^ 6 , fd+l\ log It -2{{d+l)\og{d+l)-d\ogd) +2 

— ^ iog ' 



TT^ \ d J 6Vlt 
For / > (d + 1)^ and d > 2 we then obtain the lower bound 

2T:lSd (ntanhn - J2\n^i\<^ f2+(„'_i)2 ) if d is odd 



(17) Sd > 



2TrlSd (^TTCothTT - J2\n\<^ t'^+n^ ) ^ even. 

Assuming I > 3600, we let S{l,t) = 5i{l,t) H h 659(1,1). For any fixed I > 3600, 

as t varies over [1, 1.254) we find that 5(1, t) is minimized when t — 1 (we note that 
this is not true of the first few 6^(1, t)). We then compute 

(18) 6(1,1) =Si{l,l) + --- +659(1,1) > 10.086 - 17.693\/Ilog? + 58.939VI 

as a lower bound on the total overestimate in the middle sum of ([S]). Subtracting 
the right-hand side of ([T51) from the bound in Lemma 6 yields the lemma. □ 

Theorem 1. For every prime I we haveh(<^>i) < eihgl + 161 + uVlhgl. 

Proof. The modular polynomials are well known for 1 — 2,5, 5, and the theorem 
holds in these cases, so assume / > 5. Let y S [1728,3456], and let t e [1,1.254) 
satisfy j(it) — y, as discussed following Lemma [3l 
From Lemma [2] we have 

(19) h(^i,y)< \\j(M)\\+S(l,t) + (\og2)l, 
where S(l,t) is the sum in (j6|). Applying LemmalU we obtain 

(20) \\j(M)\\ < 2^11 + 1.112. 

For S(l,t) we have two different bounds, depending on whether I is less than or 
greater than 3600, and this yields two bounds for h(^i). 

For 5 < / < 3600, we bound S(l,t) by adding the bound in Lemma [5] to the 
bound in Lemma [6l Plugging this and ((20)) into (|T9)) yields 

(21) h(^Ly) < 6nogl+(18.649+2TTt-t-6\ogt)l+5.775-Vllogl+6.5S,0Vl+36.963. 
For t e [1, 1.254) this bound is maximized when t = 1. Lemma[3]then yields 

(22) h(^i) < Bi(0 =6/ log ? + 26.016- / + 5. 775- V7 log ?-f 6.580VT + 39.046. 

For I > 3600 we instead bound S(l,t) by adding the bound in Lemma [5] to the 
bound in Lemma [Sj In this case we obtain 

(23) h(<l>i) < B2(l) = enog Z + 15.929-/ + 20. 178\/I log Z- 58.939\// + 39.046. 

A direct computation, using the bound Bi(l) and the algorithm described in 
finds that Theorem 1 holds for / < 3600 (see Table 1). For all I > 3600, the bound 
of the theorem is greater than B2(l), hence the Theorem 1 holds for / > 3600. □ 



8 



REINIER BROKER AND ANDREW V. SUTHERLAND 



Corollary 9. For every prime I we have h{^i) < Gllogl + 18L 

Proof. For I > 3600 the corollary follows from the bound B2{1) in ([231) . For ^ < 3600 
it is verified by the values of in Table 1. □ 

Table 1 is listed on the following three pages in a three column format. For each 
prime I < 3607, the table lists three values. The first is the integer 

/i2($/) = min{n:2" >/i($0}- 
This represents the number of bits required to store the absolute value of the largest 
coefficient of and we have ~ h2{^i) log2. The second is 

ci = {h{<i>i)-6nogl)/l, 

which reflects the constant in the 0{l) term of h{^i). The third value is 

ri - {6l\ogl + 18l)/h{^i), 

the ratio of the bound in Corollary [9] to the height of 

Within the range of Table 1, we find that for / > 157 the bound of Corollary [9] 
exceeds by less than fifteen percent, as indicated by the values for r; . However, 

as shown by the values for ci, our bounds are clearly not optimal. Based on the 
data in the table, we make the following conjectures. 

Conjecture 10. For every prime I > 30 we have h{^i) < 6nog/ + 12/. 
Conjecture 11. For I prime we have liminf;_s.oo(/i($i) — 6l\ogl)/l > 11.8. 

3. Appendix 

Here we prove certain number-theoretic bounds used in our estimates above. In 
most cases stronger asymptotic results are known, but we seek fully explicit bounds. 
Our results are derived from bounds for the summatory functions 

M{x) = fi{n) and Q{x) ^ ^ \n{n)\, 

l<n<x l<n<x 

where fJ-{n) is the Mobius function. The function Q{x) counts squarefree positive 
integers, and it is well known that Q{x) ~ x/C,{2) — Gx/tt'^, see [4] for example. We 
let R{x) — Q{x) ~ Qx/tt'^ , and note the following result from [8]. 

Theorem 12 (Cohen-Dress-El Marraki). For all x > 2160535 we have the hound 
\M{x)\ < x/4345, and for all x > 438653 we have \Rix)\ < 0.02767^^. 

It will be more convenient for us to work with slightly weaker bounds. 

Corollary 13. For all x > 10^ we have \M{x)\ < x/900 and \R{x)\ < y/x/25. 

Proof. By Theorem [T2l it suffices to verify the corollary for x e [10^,2160535], a 
task readily accomplished with a machine calculation. □ 

The proofs below use the Riemann-Stieltjes integral, as defined, for example, in 
Ch. 7]. The existence of all the integrals we use, including improper integrals, 

is easily verified and assumed without further comment. For a real number x, we 

use [x] to denote the largest integer n < x and define {x} = x — [x]. 

To make our error terms explicit, for any positive real value B we use e{B) to 

denote an unspecified real number with absolute value at most B. Throughout this 

appendix, all sums range over positive integers. 
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304058 


11 


84 


1.10 


2579 


219477 


11.86 


1 


10 


3011 


260221 


11.84 


1 


10 


3491 


306176 


11 


84 


1.10 


2591 


220629 


11.86 


1 


10 


3019 


260999 


11.85 


1 


10 


3499 


307016 


11 


86 


1.10 


2593 


220756 


11.85 


1 


10 


3023 


261297 


11.83 


1 


10 


3511 


308190 


11 


86 


1.10 


2609 


222240 


11.84 


1 


10 


3037 


262686 


11.84 


1 


10 


3517 


308731 


11 


85 


1.10 


2617 


223035 


11.86 


1 


10 


3041 


263047 


11.84 


1 


10 


3527 


309695 


11 


85 


1.10 


2621 


223399 


11.85 


1 


10 


3049 


263788 


11.83 


1 


10 


3529 


309878 


11 


85 


1.10 


2633 


224517 


11.85 


1 


10 


3061 


264981 


11.84 


1 


10 


3533 


310275 


11 


85 


1.10 


2647 


225831 


11.85 


1 


10 


3067 


265596 


11.85 


1 


10 


3539 


310814 


11 


85 


1.10 


2657 


226765 


11.85 


1 


10 


3079 


266675 


11.84 


1 


10 


3541 


311053 


11 


86 


1.10 


2659 


226982 


11.86 


1 


10 


3083 


267032 


11.83 


1 


10 


3547 


311652 


11 


86 


1.10 


2663 


227312 


11.84 


1 


10 


3089 


267643 


11.84 


1 


10 


3557 


312570 


11 


85 


1.10 


2671 


228116 


11.86 


1 


10 


3109 


269559 


11.85 


1 


10 


3559 


312794 


11 


86 


1.10 


2677 


228688 


11.86 


1 


10 


3119 


270536 


11.85 


1 


10 


3571 


313944 


11 


85 


1.10 


2683 


229247 


11.86 


1 


10 


3121 


270727 


11.85 


1 


10 


3581 


314954 


11 


86 


1.10 


2687 


229626 


11.86 


1 


10 


3137 


272177 


11.83 


1 


10 


3583 


315081 


11 


85 


1.10 


2689 


229746 


11.84 


1 


10 


3163 


274730 


11.85 


1 


10 


3593 


316089 


11 


86 


1.10 


2693 


230198 


11.86 


1 


10 


3167 


275065 


11.84 


1 


10 


3607 


317380 


11 


85 


1.10 
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Lemma 14. For all x >\ we have 

n<2; n<a: 

where 7 = lini (^X]n<2: n ~ l^S^^) ~ 0.577216 is Euler's constant, and the constant 
i IS defined by 7' = Jkn (^„<^ M _ ^ log a;) « 1.043895. 

Proof. Both bounds are verified by machine for x < 10^, so we assume a: > 10^. 
The first result is standard, but some care is required to express the bound in terms 
of X rather than the integer [x]. From [T^l Eq. 9.89] we have 

1 _ _ 1 1 1 0_ 

^ n ^ ["1 ~ ^^^^J 2[d 12[d2 + 120b]4 256[x]6' 

where ^ is a positive real number less than 1. We wish to bound the quantity 

(24) log- + 7-i^[., =log(l + i|)-^ + ^-^ + ^. 
Expanding log (^1 + , the right-hand side of p4|) can be expressed as 

(25) M W . {^>' 1 . . M 



[x] 2[a;]2 3[2:]3 4[2,]4 2[x] 12[x]^ 120[x]'^ \5[x} 
We now apply — + repeatedly to (|25)) . which eventually yields 
2{x}-l 6{a;}2 „ 6{x} + 1 2{a;}3 _ sj^-p 



logx + 7-i/[^] = 



2x 12x2 

30{x}4 - 60{x}3 + 30{x}2 - 1 / 5 



120x4 V \x 



15 



Recalling that x > 10^, we note that if {x} < 0.9 then the sum of the terms on 
the RHS is less than l/(2x). When {x} > 0.9 then the first two terms are both 
positive, with sum less than ^ + j^^, while the sum of the remaining three terms 
is negative, with absolute value less than ^ -I- This proves the first result. 

To prove the second result, we integrate by parts and apply Corollary [131 



^ n J^- t t 

n<x 



1- .A- t^ 



-dt 



' ' ' ' ' ' -dt+ —^dt 



25^/iy t:H J I t2 

6 , / 6 f°° R(t] , \ R{t) , 



^2 J J ^ ^2 25^/'x 
Subtracting log x from both sides and taking the limit as x — >■ cx) yields 



_6_ ^^dt^ - lim f V 

7r2 y, i2 ) ~ ^ij^ I 



-2 log X I = 7 . 



n 



Corollary [T51 implies ^^dt — e (^25^) ' ^"^^ total error is e (^ 257^ ) • '-' 
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Lemma 15. For all x > 10^ 



7r2 \300x J ^ \ 900x 

n<x n<x 

where C = V ^ -0.346495. 

Proof. For the first bound, we recall that ^ii{n)/n'^ = 1/C(2) = G/tt^. Therefore 

n<x n>x n>x 

To bound the tail, we integrate by parts and apply Corollarv ll3l 





j ^dM(t) = 


Mit) 












t3 



dt 



( 1 



The second bound is proved similarly. When bounding the tail one uses 
M(n)logn ^ -Af(x)logx ^ Mft)(21ogt-l) ^^ 



log a; 1 \ / 3 log a: + 1 



,450x 900a; y V 900x 
to complete the proof. □ 

Lemma 16. For all x > I we have 

E Hn) ^ 61ogx ^ _^ ^ / log a; + 1 ^ 

n<a: 

w/iere 7 « 0.577216 is SuZer's constant andC « -0.346495. 

Proof. The lemma is machine verified for x < 10 , so we assume x > 10^ We recall 
that 0(n) = J2d\n f^('^)l^ ^^'^ therefore 

y^ <l>{n) ^ y^ 1 y^ m(c^) ^ y^ mI'^) y^ J_ ^ y^ A^(c^) y^ 1 

n<x n<x d\7i d<x qd<x d<x q<x/d 



By Lemma [H we have J2q<x/d | = log(2;/d) + 7 + e + , which yields 



d2 ^ ^2 I 2a; / ^ Vl2a: , 

n<2: d<x d<x d<x 

Applying Lemma [T5] to the first two sums and Lemma [l3] to the third sum yields 

y^ Hn) ^ 61ogn ^ 67 _ ^ 
^2 7^2 7^2 

1 3 \ loga; /37 + 1 7' 1 \ 1 19 



150 ttV X V 900 2 27rVa; SOOx^/^ 
For a; > 10^ we can replace the error term by e (^ ^°^^^^ ^ ■ D 
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Lemma 17. For all x > 3/2 we have 



X log X 



Proof. The lemma is machine verified for x < 10^, so we assume x > 10^. As above, 
we apply = obtain 

(26) ^0(n) = EE/^(^)5 = E^('^) E 1 - JE^(^) 



n<x f^'^'^ d\n qd<x 

We note that J2d<xl^id) [f] = 1> by [3, Thm. 3.12], and we have 



(27) ^A^(d) 



d<x 



d<X 

i;M^)(f)'-2E.M{2} 



^2 



E 



e{x). 

d<x d< 

This first sum is addressed by Lemma [151 For the second we use 
'x\ /i((i) 

d< 



d<x d<x 



2^ d 

d<x 



2 

Hd)\ 



d<x 



By [U Lemma 3.2], the first sum is e(l + j). Applying Lemma [T4l we obtain 

'31oga; 7' + l 3 1 



a<x 



^1 

dJ d 



50Vi 2a 



Since a; > 5, the error term is e ^ '°f ^ + is) ■ ^PPlying this to (f27| yields 



E/^('^) 



6a;^ A 



Gxloga; 21x 

h 



and from (j26p we then have 



E = ^ + ^ 



3xloga; 931x 1 



600 2, 

Since x > 3000, we may replace the error term with e (ixlogx). 
Corollary 18. Let K{x) — X)n<x 4'i''^)- For all x > 1 we have the bounds 

K{Cix) > lK{x) - 2, K{C2x) > ^K{x) - 2, K{Czx) > iK{x) - 2, 
where Ci = 0.539, C2 = 0.742, and C3 = 0.917. 

Proof. We verify by machine for x < 300 and apply Lemma [T71 for x > 300. 



□ 



□ 
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Lemma 19. Let P{X) = J2 CkX^ he a monic polynomial in C[X] of degree 
whose roots LOj satisfy > ■ ■ ■ > |a;„| > 1. Let m = and M — Y[ The' 

\ TO 

Proof. Let Mk — Y[j<k I'^il ^'-^^ < k < n. If S* is any fc-subset of {1, . . . ,n} then 
we have Iljgs I'^jl — ^k- Therefore 

(28) \Ck\< (j^Mn_k. 

It suffices to bound the right-hand side of (|28|) . and we need only consider k < n/2. 
Now suppose k > {n + l)/(m + 1), with 1 < fc < n/2. We then have 

ri\ I ( n \ n — fc + 1 

< TO, 



k) I \k-\) k 

which imphes {^Mn-k < (fe"i)-A^n-fe+i- Thus we may assume /c < (n+l)/(TO+l). 
The lemma clearly holds for fc = 0, so we assume to < n and set r = [(rt+l)/(TO+l)]. 
We then have 

\ck\< {^^M, 

and it remains only to show that log (") < ;^(logTO+ 1). Using the explicit bounds 

\/2^n"-^e""+™ < n! < %/2^n"-5e-"+T^ 
for Stirling's formula |16j . one obtains the inequality 



fc/ k^(n~ fc)" ^ ' 

valid for < fc < n. For fixed n and k < n/2 the right-hand side of ((29)) is an 
increasing function of fc. We thus obtain 



n\ n TO 

< 



J J (n/TO)"/'"(n - r/to)"-"/™ (to-I)"-"/™' 
using r < {n + 1)/(to + 1) < n/m (since to < n). Taking logarithms, we have 

log ( ) < nlog'TO — (ri — ji/to) log(TO — 1) 



n 
n 
n 



(logTO — (1 — l/TO)(logTO + log(l — 1/to))) 
((1/to) logTO — (1 — 1/to) log(l — 1/to)) 



TO V V ~ 1 

n 



log m + {m— 1) log ( 1 

< (lOgTO+lj, 



TO 

which completes the proof. □ 

Lemma 20. Let P G C[X, Y] be a nonzero polynomial of degree at most n in each 
variable. Suppose h{P{X,y)) < B for all real y in the interval [L,2L], for some 
real B > and L > 1. Then we have 

hiP) < S+fl^i^+31og2V. 
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Proof. Let P{X, Y) Qm{Y)X™. It suffices to show h{Qm) satisfies the bound 
in the lemma for each nonzero Qm- For any y £ C, the coefficient of X™ in P{X, y) 
is Qm{y)- As in ^9, Lemma 9], let us pick n + 1 interpolation points y^ G [L, 2L\: 

yk=L{l + -] (0<fc<7i). 



We may interpolate Qm^X) from the pairs (ykiCk.m), where Ck.m is the coefficient 
of X'" in P{X,yk)- Applying the Lagrange interpolation formula yields 



k=o j^k - y= 



By Lemma fT9l the coefficients of Hj^fcC^ ~ Vj) have absolute values bounded by 
(5M, where 5 = exp((n/i)(logL + I)) and 

We also have 

TT, , „fcfc-l 112 71 -fc U'k\(n-k)\ 
lllyfe"%l = i = 4 

and by the hypothesis of the lemma, \ck.m\ < C, where C — . Thus the absolute 
values of the coefficients of Qm{Y) are bounded by 

Assuming Qm{Y) is nonzero, we take logarithms and obtain 
h{Q,n) < B+ (^^^^^+3\og2]n. 



as desired. □ 
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